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Abstrat
We study the duality of the supersymmetri self-dual and Maxwell-Chern-
Simons theories oupled to a fermioni matter supereld, using a master
ation. This approah evades the diulties inherent to the quarti ouplings
that appear when matter is represented by a salar supereld. The prie is
that the spinorial matter supereld represents a unusual supersymmetri
multiplet, whose main physial properties we also disuss.
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1. Introdution
Duality is an important phenomenon in quantum eld theory allowing
to relate two dierent theories. One example in (2 + 1)D [1, 2℄ is the equiv-
alene between the self-dual (SD) model, whih does not possess gauge in-
variane, and the gauge-invariant Maxwell-Chern-Simons (MCS) model [3℄.
Dierent aspets of this equivalene were studied in the literature, see for
example [4, 5, 6, 7, 8, 9, 10, 11℄. The most important results of these pa-
pers were to establish the mapping between a massive Thirring model and
the Maxwell-Chern-Simons theory, and between the self-dual model and the
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Maxwell-Chern-Simons theory. The equivalene was also studied in the su-
persymmetri ounterparts of the SD and MCS models, both in the free
ase [12℄ as well as in the presene of interations with a salar matter su-
pereld [13℄. However, as we will argue shortly, there remains some deliate
intriaies whih motivated us to reexamine the duality in the supersymmet-
ri ase.
In the present deade, a onsiderable interest has been devoted to the
study of eld theories in nonommutative spaetime and the possibility of
Lorentz symmetry violation, mainly due to their relevane to quantum grav-
ity. In this ontext, the duality in a nonommutative spaetime was onsid-
ered in [14℄, and in the presene of Lorentz violation in [15℄.
The duality between the models an in priniple be proved within two
frameworks. The rst of them is the gauge embedding method [10, 13℄, whose
essene onsists in the extension of the self-dual model to a gauge theory by
adding to its Lagrangian arefully hosen terms that vanish on-shell. The
equivalene of the resulting gauge model and the starting SD theory an
be seen by omparing their equations of motion, and an also be tested at
the quantum level. The seond framework is the master ation method,
used for example in [2, 9℄, based on some primordial ation (the master
ation) involving both the MCS and SD elds, oupled to some matter.
Integration of this master ation over the MCS eld yields the SD ation,
whereas integration over the SD produes the MCS ation, with appropriate
ouplings to the matter in both ases. Proeeding one step further, one an
integrate over the remaining SD eld in the rst ase, or over the MCS eld
in the seond, nding the same eetive self-interation for the matter in
both situations.
When the SD eld is oupled to a bosoni matter, one ompliation arises,
in the sense that the model is atually equivalent to a modied MCS the-
ory, with a eld-dependent fator in front of the Maxwell term [10℄. The
soure of this ompliation is essentially the appearane of quarti verties
involving the matter and the vetor elds. When onsidering the duality
in the supersymmetri ase, the most natural matter supermultiplet is rep-
resented by a salar supereld, whih also ouples to the vetor (fermioni)
superelds with a quarti vertex, so the same diulty arises: the supersym-
metri SD model is equivalent to a modied MCS theory [13℄. The presene
of the quarti verties also preludes an extension of the proof of the dual-
ity for nonommutative theories (whih, however, have been studied in the
ontext of the Seiberg-Witten map, see for example [16, 17℄). One might
wonder whether an interation with a fermioni supereld, whih does not
indue a quarti vertex in the lassial ation, ould make the study of the
duality more transparent, and the aim of this work is to show that this is so,
at least in the ommutative ase. The prie to pay is that the fermioni mat-
ter supereld we have to introdue in suh a study desribes a non-minimal
supersymmetri multiplet, involving four bosoni and four fermioni degrees
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of freedom.
The struture of this work looks as follows. In Setion 2, we present
the master ation, and use the equations of motion to establish the duality
at the lassial level. In Setion 3, we study the duality at the quantum
level, by inspeting the generating of the SMCS and SSD theories. All this
work is made for quite general ouplings; some partiular ases are disussed
in Setion 4. In Setion 5, the physial ontent of the fermioni matter
supereld introdued by us is made expliit. In the Summary, the results
are disussed; in partiular, we omment on the possible extension of our
work to the nonommutative spaetime.
2. The duality at the lassial level
As a rst step, we introdue the following master Lagrangian desribing
the interation of a spinorial matter supereld Ψα with the spinor superelds
fα (whih will be further identied with the self-dual supereld) and Aα
(whih will be further identied with the Maxwell-Chern-Simons supereld),
Lmaster = −
m2
2
fαfα +m f
αWα +
m
2
AαWα + k
αfα + j
αAα + LM (Ψ) , (1)
where LM (Ψ) is the quadrati Lagrangian for the spinor matter supereld
Ψα; jα and kα are urrents depending on this supereld. Expliit forms
for LM (Ψ) and the urrents will be presented later, at the moment, we an
say that jα is neessarily onserved (Dαj
α = 0) due to gauge invariane.
Here Wα ≡
1
2D
βDαAβ is the gauge invariant supereld strength onstruted
from the supereld Aα. The Lagrangian Lmaster is the natural supereld
generalization of the one used in [9℄, with the notations and onventions
of [18℄.
The equations of motion for the Aα and fα superelds derived from
Eq. (1) an be used to obtain the duality at the lassial level. Varying the
ation
∫
d5zLmaster with respet to f
α
we obtain,
fα =
1
m2
kα +
1
m
Wα (2)
whih, inserted in Eq. (1), yields Lmaster = LSMCS, with
LSMCS =
1
2
WαWα +
m
2
AαWα −
α
4
(DαAα)
2
+
(
jα +
1
2m
DβDαkβ
)
Aα +
1
2m2
kαkα + LM (Ψ) . (3)
This last Lagrangian desribes the supersymmetri Maxwell-Chern-Simons
(SMCS) eld oupled to the matter through the minimal oupling Aαjα,
plus a magneti oupling
1
2mA
αDβDαkβ =
1
mW
αkα, and a Thirring-like
self-interation
1
2m2
kαkα of the spinorial matter supereld.
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Varying the master ation with respet to Aα provides us with
Wα +Ωα + jα = 0 , (4)
where Ωα ≡ (1/2)DβDαfβ. At this point, we reall the projetors on the
transversal and longitudinal parts of a fermioni supereld ηα,
ηα‖ = −D
αDβ
1
2D2
ηβ ; η
α
⊥ = D
βDα
1
2D2
ηβ , (5)
so that Dα η⊥α = 0. The expliit form of the transversal projetor in Eq. (5)
allows us to rewrite Eq. (4) as
A⊥α = −f
⊥
α −
1
mD2
jα . (6)
Substituting Eqs. (6) and (4) into the master Lagrangian, and taking into
aount that, if ηα is transversal, ηαξα = η
αξ⊥α for any ξα, we obtain
Lmaster = LSSD, with
LSSD = −
m
2
fαΩα −
m2
2
fαfα + (k
α
− jα) fα −
1
2
jα
1
mD2
jα + LM(Ψ) . (7)
This Lagrangian desribes the dynamis of a supersymmetri Self-Dual (SSD)
supereld whih, besides of the minimal oupling to the urrent kα, is also
oupled in a nonloal way to the urrent jα. Moreover, a nonloal Thirring-
like term for the jα shows up.
Classially, the Lagrangians in Eqs. (3) and (7) are equivalent, thus es-
tablishing the duality between these SMCS and SSD models at the level of
equations of motion. Indeed, we an nd an expliit mapping between the
superelds and urrents of the SMCS theory to their ounterparts in the
SSD model, suh that the orresponding equations of motion are mapped
one to the other. The equations of motion derived from the SSD Lagrangian
in Eq. (7) an be ast as
mΩα +m
2fα + j
α − kα = 0 , (8)
and
δ
δΨβ
∫
d5zLM +
∂jα
∂Ψβ
(
−f⊥α −
1
mD2
jα
)
+
∂kα
∂Ψβ
fα = 0 . (9)
Using the projetion operators in Eq. (5), we split Eq. (8) in the longitudinal,
m2f‖α = k
‖
α , (10)
and transversal parts,
mΩ⊥α +m
2f⊥α + jα − k
⊥
α = 0 . (11)
4
Hereafter, we omit the ⊥ in the urrent j sine we know it is always transver-
sal. We see that the longitudinal part of f is not dynamial, but algebraially
related to the longitudinal part of kα.
The equations of motion derived from the SMCS Lagrangian in Eq. (3)
read,
1
2
DβDαWβ +mWα + jα +
D2
m
k⊥α = 0 , (12)
and
δ
δΨβ
∫
d5zLM +
∂jα
∂Ψβ
A⊥α +
∂kα
∂Ψβ
(
1
m2
kα +
1
m
Wα
)
= 0 . (13)
All terms in Eq. (12) are transversal. Sine Aα is a gauge superpotential,
under a gauge transformation δAα = DαK, the transversal part Aα⊥ is in-
variant, while δAα‖ = D
αK. Hene, the equations of motion involves the
transversal (gauge invariant) part of Aα; its longitudinal part is only on-
strained by the gauge xing ondition we will have to impose to quantize
the theory [19℄.
Comparing Eqs. (9) and (13), we onlude that one equation is mapped
to the other by means of the equations of motion in Eqs. (2) and (6), so
those furnish the identiation we were looking for. Taking the longitudinal
part of Eq. (2), we re-obtain Eq. (10). Also, onsidering the transversal part
of Eq. (2),
− f⊥α +
1
m2
k⊥α +
1
m
W⊥α = 0 , (14)
and replaing A⊥α using Eq. (6), we re-obtain Eq. (11). Finally, we an map
the equation of motion for the SSD eld in Eq. (11) into the equation of
motion for the transversal omponent of MCS supereld. Indeed, starting
from Eq. (11), and substituting f⊥ using Eq. (6), we have
mΩ⊥α +m
2f⊥α + jα − k
⊥
α =
=−mW⊥α −m
2A⊥α −
m
D2
jα − k
⊥
α = 0 . (15)
Applying
1
2D
αDβ to this equation, we obtain
m
[
1
2
DαDβW
⊥
α +mW
⊥
β + jα +
D2
m
k⊥α
]
= 0 , (16)
whih is equivalent to Eq. (12).
In summary, the transversal (gauge invariant) part of the SMCS super-
eld an be mapped to the transversal part of SSD supereld. No relation
exists between their longitudinal parts, however. In the SSD model, f‖ is al-
gebraially related to k‖, while in the SMCS model, the longitudinal (gauge
dependent) part of Aα is not oupled to other elds or urrents, being on-
strained only by the hoie of the gauge xing.
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3. The duality at the quantum level
Having disussed the duality between LSMCS and LSSD at the level of
equations of motion, we an now investigate whether this duality exists at
the quantum level, by omparing the orresponding generating funtionals.
We will see that both theories lead to the same generating funtional for the
Ψα supereld, and in this sense we will say that LSMCS and LSSD, as given
in Eqs. (3) and (7), are quantum equivalent.
To this end, we have to inlude in the master Lagrangian a gauge xing
term, so that we an nd a propagator for the SMCS supereld. We onsider,
then, the master generating funtional,
Z(kα, jα,Ψα) = N
∫
DfαDAα×
× exp i
∫
d5z
{
Lmaster(f
α, Aα,Ψα, jα, kα)−
α
4
(DαAα)
2
}
,
(17)
where N is a eld independent normalization fator. We will further need
the formula for the Gaussian path integral over a Grassmannian eld Xα,∫
DXα exp
{
i
[
1
2
XαOα
βXβ + J
αXα
]}
= exp
{
−i
[
1
2
Jα(O−1)α
β
Jβ
]}
,(18)
up to a fator depending on det Oα
β
, whih will be irrelevant in this work,
and omitting the proper superspae integrations in the exponents.
By means of Eq. (18), we an perform the funtional integration in
Eq. (17) over the supereld fα, with
(O−11 )α
β
= −
1
m2
δα
β , (19)
and we end up with,
Z(kα, jα,Ψα) = N
∫
DAα exp
{
i
∫
d5z
[1
2
(m Wα + kα)
δα
β
m2
(m Wβ + kβ)
+
m
2
AαWα + j
αAα −
α
4
(DαAα)
2 + LM
]}
, (20)
whih, after an integration by parts, an be ast as
Z(kα, jα,Ψα) = N
∫
DAα exp i
∫
d5z
{
LSMCS −
α
4
(DαAα)
2
}
, (21)
where LSMCS is the SMCS Lagrangian we found in Eq. (3).
To integrate the generating funtional in Eq. (17) over Aα, we use the
inverse of the quadrati part in Aα of the master Lagrangian in Eq. (1),
inluding the gauge-xing term,
(O−12 )β
γ
=
1
2
(DγDβ
m
+
DβD
γ
α
)
. (22)
6
Using Eq. (18), the funtional integration in Eq. (17) over Aα an be per-
formed, arriving at the following generating funtional for the fα and matter
superelds,
Z(kα, jα,Ψα) =
∫
Dfα exp
{
i
∫
d5z LSSD
}
, (23)
where LSSD is the SSD model dened in Eq. (7).
To omplete the proof of the equivalene of the SMCS and the SSD
theories, we integrate the generating funtionals in Eq. (21) over Aα and
Eq. (23) over fα. The relevant propagators are
(O−1SMCS)β
α
=
1
2
[ DαDβ
(D2 +m)
+
1
α
DβD
α

]
, (24a)
(O−1SSD)β
α
=
1
2
[DβDα
m2D2
−
1
m
DαDβ
D2(D2 +m)
]
=
1
2m2
[
DαDβ
D2 +m
− 2δαβ
]
. (24b)
The integration over Aα and fα respetively in Eq. (21) and Eq. (23) results
in the same eetive Lagrangian,
Leff = −
1
4m2
jα
( DβDα
D2 +m
− 2δα
β
)
jβ −
1
2m
jα
1
D2
jα +
1
m
kα
1
D2 +m
jα
−
1
4m2
kα
( DβDα
D2 +m
− 2δα
β
)
kβ + LM(Ψ) , (25)
as it should. This ensures the quantum equivalene between the two models,
irrespetive of the hoie of the urrents jα and kα (whereas Dα jα = 0).
One last note before losing this setion. The physial ontent of the
model in Eq. (23) an be more learly seen by means of the eld redenition,
Aα = Bα − fα (26)
whih allows us to rewrite Eq. (1), apart from surfae terms, as
Lmaster =−
m2
2
fαfα −
m
2
fαΩα +
m
2
Bα
(
1
2
DβDαBβ
)
+ (kα − jα) fα + j
αBα + LM (Ψ) , (27)
From Eq. (27), we see that Lmaster desribes a propagating eld governed by
a Self-Dual Lagrangian, together with a pure topologial Chern-Simons eld
Bα.
We an use the propagators in Eqs. (24) to nd the superelds fα and
Bα in terms of the orresponding soures,
fβ = −(O
−1
SSD)β
α
(kα − jα) , (28a)
Bβ = −(O
−1
SMCS)β
α
jα . (28b)
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In partiular, for the Bα, the gauge-dependent part of (O−1SSD) drops out,
and we nd
Bα = −
1
mD2
(
DβDα
1
2D2
)
jα = −
1
mD2
jα , (29)
sine jα is transversal. The eld-strength orresponding to this superpoten-
tial is found to be
W αB =
1
2
DβDαBβ = −
1
m
jα . (30)
This is the supersymmetri version of the well known relation between the
soure and the eld strength generated by this soure in the Chern-Simons
model [20℄.
Substituting Eqs. (28) in the master Lagrangian, one obtains
Leff = −
1
4m2
(kα − jα)
(
DβDα
D2 +m
)
(kβ − jβ) +
1
2m2
(kα − jα) (kα − jα)
−
1
2m
jα
1
D2
jα , (31)
whih is the same as (25).
4. Some partiular instanes of the duality
Having studied the orrespondene between the SSD and the SMCS mod-
els in the presene of arbitrary matter urrents, now we onsider some inter-
esting partiular ases.
The ase (a) orresponds to the hoie jα = 0, the matter supereld
interating with the vetor superelds only through the urrent kα. In this
ase, we an summarize our results as
L
(a)
SMCS =
1
2
WαWα +
m
2
AαWα −
α
4
(DαAα)
2 +
1
2m
AαDβDαkβ
+
1
2m2
kαkα + LM (Ψ) , (32a)
L
(a)
SSD =−
m
2
fαΩα −
m2
2
fαfα + k
αfα + LM(Ψ) , (32b)
L
(a)
eff =−
1
4m2
kα
( DβDα
D2 +m
)
kβ +
1
2m2
kαkα + LM (Ψ) . (32)
Comparing Eqs. (32b) and (32), we see that the minimal interation kαfα
indues in the Ψα eetive Lagrangian a non-loal interation mediated by
a massive degree of freedom, plus a ontat interation between the matter
urrents. Besides, we note that Eq. (32a) already ontains the ontat term,
and the non-minimal interation AαDβDαkβ between the matter and the
Chern-Simons eld is responsible for desribing the non-loal interation in
Eq. (32.
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Comparing the equations of motion for the matter, in Eqs. (9) and (13),
in this partiular ase we reognize the identiation
fγ =
Wγ
m
+
kγ
m2
, (33)
whih have been found in [13℄, when studying the duality in the presene
of a salar matter supereld. Indeed, Eq. (32b) is analogous to the starting
point of [13℄; here, however, the dual SMCS desription, Eq. (32a), is simpler
sine it does not ontain the eld-dependent fator in front of the Maxwell
term, due to the absene of quarti ouplings.
Case (b) is a theory where matter interats only through the urrent jα,
i.e., kα = 0. In this ase we have
L
(b)
SMCS =
1
2
WαWα +
m
2
AαWα −
α
4
(DαAα)
2 + jαAα + LM (Ψ) , (34a)
L
(b)
SSD =−
m
2
fαΩα −
m2
2
fαfα − f
αjα −
1
2m
jα
1
D2
jα + LM(Ψ) , (34b)
L
(b)
eff =−
1
4m2
jα
( DβDα
D2 +m
)
jβ +
1
2m2
jαjα −
1
2m
jα
1
D2
jα + LM (Ψ) .
(34)
Now, the minimal oupling of jα to the Chern-Simons supereld orresponds
to a non-loal interation mediated by a massive degree of freedom and a on-
tat term for the jα, both similar to the ones in Eq. (32), plus an additional
Chern-Simons interation (see disussion regarding Eq. (30)). Furthermore,
if we substitute jα = 12mD
βDαgβ in Eqs. (34a) and (34), we obtain in L
(b)
eff
only the non-loal interation
1
4m2
gα
(
DβDα
D2+m
)
gβ, whih is onsistent with the
results disussed for the ase (a). Finally, the expliit mapping between the
(transversal parts of the) SSD and the SMCS superelds is given by
A⊥α = −f
⊥
α −
1
mD2
jα , (35)
while their longitudinal parts are unrelated, as we pointed out earlier.
Case () orresponds to the hoie jα = kα; in this ase, from Eq. (7), we
deouple the matter from the self-dual supereld, so we end up with a free
SSD supereld plus a Chern-Simons interation between the matter urrents.
This is equivalent, from Eq. (3), to a model inluding a loal Thirring inter-
ation, along with a speial oupling
(
D2+m
m j
α
)
Aα to the Maxwell-Chern-
Simons supereld. In other words, the oupling
(
D2+m
m j
α
)
Aα indues, in
the eetive ation, the terms − 1
2m2
jαjα − j
α 1
2mD2
jα.
Finally, the ase (d) is the hoie jα = − 12mD
βDαkβ. In this ase, we
deouple matter and SMCS in Eq. (3); from this, we immediately see that
the eetive Lagrangian for the matter ontains only a Thirring
1
2m2
kαkα
9
interation. On the other side, from Eq. (7), the same dynamis is desribed
by a Self-Dual model with the oupling
(
kα+D
2
m
kα
⊥
m
)
fα between matter and
self-dual superelds, plus a Thirring-like interation − 1
4m3
kαDβDαkβ .
5. The matter ontent
As we disussed in the Introdution, the equivalene between the SD
and the MCS theories is more simply established when these superelds in-
terat with a fermioni matter supereld Ψα throught the urrents j
α
and
kα, whih, together with the matter free Lagrangian LM (Ψ), have not been
speied so far (exept for the requirement that jα is onserved, so that it
an be oupled to a gauge supereld). In this setion, we write expliitly
a free Lagrangian LM (Ψ), and investigate its physial degrees of freedom.
We also point out a simple hoie for the urrent jα. Even if we annot give
a more physial motivation for the introdution of suh matter supermulti-
plet, at least we an expliitly demonstrate that a sensible dynamis an be
onstruted for suh a model.
The omponent expansion of the fermioni supereld Ψα is given by
Ψα = ψα + θαb+ iθβb
βα − θ2ϕα , (36)
where bβα is a symmetri bispinor (a three-dimensional vetor eld), b is a
salar, ψα and ϕα are three-dimensional spinors. Sine we want to ouple
this matter to a gauge supereld, these elds are omplex. The omplex
onjugate Ψ
α
an be written as
Ψ
α
= ψ
α
+ θαb+ iθβb
βα
− θ2ϕα . (37)
We hoose to study the ase when the matter interats though the ur-
rent jα, minimally oupled to the gauge supereld Aα: the orresponding
Lagrangian appears in Eq. (34a). Here we will fous only in the part of the
ation involving the Ψα, i.e.,
SM =
∫
d5zLM (Ψ) +
∫
d5z Aαjα . (38)
The proposed quadrati ation for the matter supereld is given by
∫
d5zLM (Ψ) = −
∫
d5zΨ
α
(i∂αβ −M Cαβ)Ψ
β , (39)
while the urrent jα reads,
jα =
ig
2
Dβ
(
Ψ
α
Ψβ +Ψ
β
Ψα
)
. (40)
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This form of the matter urrent is obtained by the usual substitution
∂αβ → ∇αβ = ∂αβ − g D(αAβ) , (41)
in the quadrati Lagrangian LM (Ψ), so that the ation SM turns out to be
invariant under the gauge transformations
Ψα → eigKΨα ; Ψ
α
→ e−igKΨ
α
; Aα → Aα +DαK , (42)
K being a real salar supereld. The oupling onstant g has mass dimension
1/2, whih in priniple signals a super-renormalizable theory. By expliit
omputation, we verify that Dαj
α = 0, as it should. Atually, for this
partiular form of the urrent jα, this onservation equation redues to
i∂αβ
(
Ψ
α
Ψβ
)
= 0 . (43)
The omponent expansion of SM an be obtained with the help of the
formulae in Appendix A. The expansion of the Aα supereld in omponents
reads
Aα = αα + θαa+ iθβa
βα
− θ2βα , (44)
and, for simpliity, we will work in the Wess-Zumino gauge, so that αα = 0
and a = 0. The remaining vetor eld orresponds to the photon and the
spinor to the photino. The matter ation SM an be written, in terms of
omponent elds, as follows,
SM = S
(1/2)
M + S
(1)
M + S
(int)
M (45)
where
S
(1/2)
M =
∫
d3x
[
ϕ (i γa∂a −M)ψ + ψ (i γ
a∂a −M)ϕ
]
, (46)
S
(1)
M = −
∫
d3x
[
1
2
εabcba∂bbc +
M
2
b
a
ba + b∂
aba + b∂
aba − 2Mbb
]
, (47)
and
S
(int)
M = g
∫
d5z
[
aa
(
ψγaϕ+ ϕγaψ
)
−
1
2
aaε
abc∂b
(
ψγcψ
)
(48)
+b(ψβ) + b(ψβ) +
i
2
ba
(
ψγaβ
)
+
i
2
ba (βγ
aψ)
]
.
In writing these equations, we have used that (i γa∂a −M)
·β
α· =
(
i ∂·βα· − δ
·β
α·M
)
,
and the relation between a bispinor and a vetor Xαβ = 1/2(γa)αβXa (see
Appendix); latin indies run from 0 to 2. The b is an auxiliary supereld,
that an be eliminated by means of its equation of motion, and we obtain
S
(1)
M = −
∫
d3x
[
1
2
εabcba∂bbc +
M
2
b
a
ba −
1
2M
(
∂aba
) (
∂bbb
)]
, (49)
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The ation S
(1)
M orresponds to a kind of gauge-xed Chern-Simons the-
ory, with a Proa mass term. There is no gauge symmetry assoiated to the
vetor eld bµ, thus the omplex ba has four propagating degrees of freedom
with mass M , as an be seen by its propagator in momentum spae,
∆ab (k) =
i
k2 +M2 − iε
[iεabck
c +Mgab] . (50)
This propagator is learly not transversal, as it should be.
From the ation S
(1/2)
M , one obtains the usual equations of motion for
spinors in three dimensions,
(iγa∂a −M)ψ = 0 ; (iγ
a∂a −M)ϕ = 0 . (51)
Sine eah real spinor has one on-shell degree of freedom, the ation desribes
the propagation of four fermioni degrees of freedom. Notie however the
mixing between the spinors ψα and ϕα already in the quadrati part of the
ation.
The propagator in Eq. (50) has omponents with indenite metri, as an
be seen by simple inspetion. Not surprisingly, the same problem appears
in the fermioni setor: if we try to disentangle the ψα and ϕα elds by
diagonalizing the quadrati ation in Eq. (46), the new fermioni kineti
terms end up with opposite signs, also indiating and indenite metri in
the spae of quantum states. This is not an unusual feature in quantum
eld theory. In fat, the presene of indenite metri atually permeates
the quantization of any gauge theory; in those ases the quantization has to
be suplemented by seletion rules to extrat physially relevant results. We
intend to ome bak to this issue in a future publiation.
6. Summary
Let us summarize our results. We have studied the dual equivalene of the
supersymmetri self-dual and Maxwell-Chern-Simons theories, oupled to a
fermioni matter supereld. We have shown these models to be equivalent
at the lassial level, by looking at their equations of motion, whih atually
provides us with a mapping between elds and urrents of both theories.
At the quantum level, their equivalene follows from the equality of the
eetive generating funtional they indue for the matter. The duality holds
in presene of matter urrents jα and kα that are quite arbitrary, the only
requirement being that Dαj
α = 0 so that jα an be oupled to the gauge
supereld.
The duality in the presene of suh a non-minimal matter supereld is
muh simpler than with an usual salar matter supereld, disussed in [13℄.
We have also shown how a sensible dynamis an be given to suh an unusual
supermultiplet, as well as how they an be oupled to the gauge supereld.
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As a nal remark, we omment on the possible extension of our results
to the nonommutative ase. We remark that, for a salar matter supereld,
no suh extension was possible using the gauge embedding method [13℄. In
the present ase, all manipulations needed to verify the duality were done
without speifying the real nature of the urrents jα and kα, that an be
treated as omposite elds. We reall the property of the Moyal-Groenewald
*-produt that, inside an integral, one *-produt in a monomial of elds an
be replaed by an usual produt, i.e. [21℄,
∫
d3xφ1 ∗ φ2 ∗ φ3 ∗ · · · ∗ φn =
∫
d3xφ1 (φ2 ∗ φ3 ∗ · · · ∗ φn) . (52)
That means we an generalize the master ation, substituting all usual prod-
uts by Moyal-Groenewald produts, and we end up with
S
(∗)
master =
∫
d5z
[
−
m2
2
fαfα +m f
αWα +
m
2
AαWα
+kα∗ fα + j
α
∗Aα + LM(Ψ)] , (53)
where the *-produt appears only inside the urrents j and k. In this way,
the proof of equivalene between the SSD and SMCS theories follows as
in the previous setions. Notie, however, that these are not full-edged
nonommutative SSD or SMCS theories, sine the *-produt only aets
the matter urrents. The diulties in studying the equivalene between
nonommutative SSD and SMCS theories annot be solved by the methods
presented in this paper; see however [14℄.
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A. Conventions on the three-dimensional γ matries
In this paper, we use the onventions of [18℄, where the Cαβ tensor, used
to ontrat spinorial indies, is purely imaginary. This fat requires are
when raising and lowering indies, sine ψ
α
=
(
Cαβψβ
)∗
= −Cαβψβ . Thus,
for example, while θα is assumed to be real, θα is imaginary, and θ
2 = 12θ
αθα
is real. On the other hand, for a omplex spinor ψα, we have, for example,
(θαψα)
∗ = −θαψα.
Three-dimensional γαβ matries are required to satisfy
{
γa, γb
}α
β
= 2δαβη
ab , (54)
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where ηab = diag (−++); latin indies run from 0 to 2. We require the
γαβ matries to be traeless, and remember that the tensor Cαβ used to
raise and lower spinor indies an be written in matrix representation as
[Cαβ ] = −
[
Cαβ
]
= σ2. Here, σi denote the standard Pauli matries. One
hoie for γa satisfying suh requirements is
(γa)αβ =
(
−σ2,−iσ1, iσ3
)
. (55)
By lowering and raising spinor indies, we have also
(γa)αβ =
(
, σ3, σ1
)
, (56)
(γa)αβ =
(
− , σ3, σ1
)
. (57)
The γ matries are used to pass from the bispinor representation for a
vetor eld and the more usual vetorial representation, by means of the
relations
Xa = (γa)αβXαβ ; X
αβ =
1
2
(γa)αβXa . (58)
From Eq. (58), one obtains
∂a =
1
2
(γa)αβ ∂αβ ; ∂αβ = (γ
a)αβ ∂a . (59)
The partiular normalization hosen in Eqs. (58-59) is suh that the relation
∂αβ∂βσ = δ
α
σ (60)
holds, as in [18℄. On the other hand, one has
XαβXβσ =
1
4
δασX
aXa , (61)
for the vetor Xa.
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